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Abstract 

We obtain some " universal" estimates for L2-norm of the solution of a parabolic equa- 
tion via a weighted version of i? _1 -norm of the free term. More precisely, we found the 
limit upper estimate that can be achieved by transformation of the equation by adding a 
constant to the zero order coefficient. The inverse matrix of the higher order coefficients 
of the parabolic equation is included into the weight for the 7J _1 -norm. The constant in 
the estimate obtained is independent from the choice of the dimension, domain, and the 
coefficients of the parabolic equation, it is why it can be called an universal estimate. As an 
example of applications, we found an asymptotic upper estimate for the norm of the solution 
at initial time. As an another example, we established existence and regularity for non- linear 
and non-local problems. 
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1 Introduction 

We study prior estimates for first boundary value problems for parabolic equations. The classical 

results for these equation give upper estimate for the L2-type Sobolev norm of the solution via a 

o 

.ff^-norm of the nonhomogeniuos term, where H~ l is the space being dual to the space W\ (P) 
(see, e.g., the first energy inequality in Ladyzhenskaia (1985)). We suggest a modification of 
this estimate. 
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We found the limit minimal upper estimate that can be achieved by varying the zero order 
coefficient of the original equation by adding a constant. In other words, we study the case 
when the original equation is transformed into a new one such that the original solution u(x,t) 
is to be replaced by u(x, t)e- Kt ; the value of K is being varied (Theorem 13.11 and Lemma l8.ip . 
The constant in the estimate is the same for all possible choices of the dimension, domain, time 
horizon, and the coefficients of the parabolic equations. It is why it can be called a universal 
estimate. These results represent an important development of the extension of the results from 
Dokuchaev (2008), where an "universal" estimate was obtained for the gradient via L2-norm of 
the nonhomogeniuos term. In contrast, the present paper gives the estimate of the L2-norm via 
a H~ 1 -type norm of the nonhomogeniuos term, i.e., via a weaker norm. It is shown that the 
estimate obtained is sharp (Theorem 17. ip . 

As an example of applications, we obtained a sharp asymptotic upper estimate for the 
solution at initial time (Theorems 15. 21 and I7.2p . The constant in this eastimate is again the same 
for all possible equations. As an another example of applications, we suggest a new approach for 
establishing of existing and regularity for non-linear and non-local parabolic equations (Theorem 
I6.ip . We found an explicit sufficient conditions for existence and regularity (Conditions (|6.3p 
or (|6.4p ). These conditions are easy to verify, and they cover a wide class of non-linear and 
non-local parabolic equations. 

2 Definitions 

Spaces and classes of functions. 

We denote by | • | the Euclidean norm in R fc and the Frobenius norm in R fcxm , and we denote 
by G denote the closure of a region G C R fc . 

We denote by || • ||x the norm in a linear normed space X, and (v)x denote the scalar 
product in a Hilbert space X. For a Banach space X, we denote by C([a,b], X) the Banach 
space of continuous functions x : [a, b] — * X. 

Let G C R fc be an open domain, then W™(G) denote the Sobolev space of functions that 
belong Lg(G) together with the distributional derivatives up to the mth order, q > 1. 

We are given an open domain D C R n such that either D = R n or D is bounded with 
C 2 -smooth boundary dD. 

Let T > be given, and let Q = D x (0, T). 

o 

Let H° = L 2 (D), and let H l =W\ (D) be the closure in the W^{D)-norm of the set of all 
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smooth functions u : D — > R such that u\qd = 0. The spaces H k are Hilbert spaces, and H 1 is 
a closed subspace of W^iJD). Let # 2 = IVf (D) n -ff 1 be the space equipped with the norm of 
W| (D ). The spaces are Hilbert spaces, and is a closed subspace of W k {D), k = 1,2. 

Let be the dual space to iJ 1 , with the norm || • such that if u G then ||u||#-i 

is the supremum of (u,w)jjo over all 6 i? 1 such that < 1. if -1 is a Hilbert space. 

We will write (u,w)fjo for ix G and w £ H 1 , meaning the obvious extension of the 

bilinear form from u G H° and w £ H 1 . 

We denote by £i the Lebesgue measure in R, and we denote by B\ the u-algebra of Lebesgue 
sets in R 1 . 

For k = —1, 0, 1, 2, we introduce the spaces 

X fc = L 2 ([0,T],Hi,4;iJ fc ), C fc = c([0,T];# fe ) . 
We introduce the spaces 

Y k = x k nc k -\ k = 0,1,2, 

with the norm ||u||yfc = + IMIc* -1 - 

We use the notations 



Vu=f— — _V V L r - V 

\<9xi'<9x2' ' dx n J ' ^ dxi 

for functions u : R n R and t7 = (C/i, . . . , U n ) T : R n -► R n . In addition, we use the notation 

n 

(U, V) H o = J2(Ui, Vi) H o, \\U\\ H o = (U, ufjjl 
1=1 

for functions U, V : D -> R n , where U = (U U ..., U n ) and V = (14, ... , V n ). 

The boundary value problem 

We consider the following problem 



9g=Au + <p, t€(0,T), 
u(x, 0) = 0, u(x, t)\ xe9D = 0. 

Here u = u(x,t), (x,t) £ Q, and 

i=i * j=i i=i 



(2.1) 
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where b(x,t) : R" x [0,T] -► R" xr \ : R n x [0,T] -► R n , and A(x,t) : R n x [0,T] -> R, 

are bounded measurable functions, and by, are the components of 6,/, and x. The matrix 
6 = b T is symmetric. 

To proceed further, we assume that Conditions I2.lti2.2l remain in force throughout this paper. 



Condition 2.1 There exists a constant 5 > such that 



£ T &(M)C > <5|£| 2 V£ G R n , (x,t) G Q. 
Inequality (|2.3j) means that equation (|2.1j) is coercive. 



ess sup 

(z,t)eQ 



+ + \f(x,t)\ + \X(x,t)\ 

We introduce the sets of parameters 



< +oo. 



H = (T, n, D, 5, v,f,\), 



(2.3) 



Condition 2.2 The functions b(x,t) : R n x R -> R nx ", /(»,*) :R"xR^R", A(x,t) : 
R n xR^R, are measurable, and 



V = V{ji) = [T,n, D, 8, esssup \b(x,t)\ + \f(x,t)\ + |A(x,i)| 
We consider all possible such that the conditions imposed above are satisfied. 



3 Special estimates for the solution 

We assume that ip G -X" -1 . This means that there exist functions F = (F±, F n ) : Q — ► R n and 
F : Q -> R such that F fc G X° = L 2 (Q), k = 0,1, ...,n, and 



ip(x,t) = V ■F(x,t) + F (x,t). 



(3.1) 



In other words, <p(x,t) = Ylk=i ffj~( x >0 + F (x,t). 

The classical solvability results for the parabolic equations give that there exists a unique 
solution u G Y 1 of problem (|2.ip for any ip G X -1 . In addition, it follows from the first energy 
inequality (or the first fundamental inequality) that, for any K G R and M > 0, there exist 
constants C{(K, M, V) > 0, i = 0, 1, such that 

e- 2i "lK,t)llHO+M /V 2ifs |K, S )||^ 
■/ o 



< Ci(#,M,7>) f e- 2Ks {F{;s),b{;s)- l F{;s)) HO ds 
Jo 

+C (K,M,V) [ e- 2Ks \\F (;s)\\ 2 H0 ds Vy> G X~\ t G (0, T], (3.2) 
J o 

where i*$ G AT are such that (|3.ip holds. (See, e.g., estimate (3.14) from Ladyzhenskaia (1985), 
Chapter III, §3). We have used here the following obvious estimate 

n 

Y, \\F k (; s)f HO ds < C(F(; S), b(; S)- 1 F(; S )) H o , 
k=l 

where c = c(V) > is a constant. 

Let Ci(K,M,V) = ia£Ci(K,M,V), where the infimum is taken over all Ci(K,M,V) such 



that K22J) holds. 
Theorem 3.1 

sup inf Cx(K,M,P(ii)) < -, sup inf C (K, M, V(n)) = 0. 

fi, M>0 K >° 2 fi,M>0 K >° 

Corollary 3.1 For any \i and any M > 0, e > 0, there exists K = K(e, M,V([i)) > such 
that 

ft 



sup e~ 2Ks \\u(;s)\\ 2 H o +M [ e~ 2Ks \\u(;s)\\ 2 HO ds 

s€[0,t] JO 

^(o+^E/ (n;s),b(;sr 1 F(; S )) H ods + e \\F (;s)\\ 2 H0 ds (3.3) 
k=0 Jo Jo 

Vt G [0,T], G X- 1 , 

where u is the solution of problem $2. 1 )) . and where F{ G X° are sitc/i £/tcrf ( 13. ij) holds. 

4 The case of non-linear and non-local equations 

Let us consider the following mapping J\f(v) : Y 1 — > X -1 such that 

+ A(w(.),x,tMx,t) +£(«(•), x,t), (4.1) 

where &(«(■), a;, t) : y 1 x Q -> R nxr \ f{v{-),x,t) :Y 1 xQ^ R n , A(u(-),a:,*) : y 1 x Q -» R, are 
bounded functions, and bij,fi,Xi are the components of b,f, and x. The function <p(v(-),x,t) 
is defined on y 1 x Q — > R and belongs to X -1 for any given v(-) G y 1 . The matrix b = b^ is 
symmetric. 
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Corollary 4.1 Let u G Y 1 be a solution of the problem 

S=w(«), t€(o,n 

u(x, 0) = 0, it(:c, t)UG9D = 0. 

such that Conditions \2.lfi2J% are satisfied for b(x,t) = b(u(-),x,t), f(x,t) = f(u(-),x,t), and 
X(x,t) = X(u(-),x,t), and such that ip(x,t) = tp(u(-),x,t) belongs to X~ l and is such that \3. 1\) 
holds for Fi G X°. Then, for any M > and e > 0, there exists K = K (e, M, V) > such that 
/TOP holds. 



Note that the parabolic equation in (|4.2p is non-linear and non-local. 

Corollary 14. 1 1 does not establish existence. Some existence results for non-local and non-linear 
problems are given below. 

5 Applications: asymptotic estimate at initial time 

Let 

X° c =|</?£ X° : }%\f o \\<pM\\%*da = M- 5 0)||^o}. (5.1) 

Note that the condition that tp G X® is not restrictive for <p G X°; for instance, it holds if s = 
is a Lebesgue point for \\ip(-, s)||^- - 

Theorem 5.1 Let if G X®. Then, for any admissible [i, the solution u of problem \2. 1\) is such 
that 



1 Il«(- 5 *)llff0 



lim t ^ + sup j " ) 1 "''If = 0, (5.2) 



where u is the solution of problem h2.1\) for the corresponding ip. 
Further, let 

X' 1 = |v? G X' 1 : there exists a set {F k }% =1 C X° such that (JH]) holds with F = 0, 

and lim - [\f(; a), b(-, s^F^, s)) H ods = (F(-, 0), b(; 0)^F(-, 0)) H o }. (5.3) 

Here F = (Fi, ...,F n ). Again, the limit condition in (|5.3p is not restrictive; for instance, it holds 
if s = is a Lebesgue point for (F(-, s),b(-, s)~ 1 F(-, s)) H o. Clearly, the set X~ l is non-empty if 
some mild conditions of regularity in t are satisfied for b(x,t)~ l . 
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Theorem 5.2 Let ip G X c 1 and /e£ F^. G A; = 0, 1, ...,n, be the corresponding functions 
presented in 115. 3\) with Fq = 0. Then, for any admissible fi, 

1 ll^(-,*)llm> 1 

lim, -°%:^'W,0),6C.O)-F(,0)) H o £ 2' < M > 
where u is the solution of problem $2.1\) for the corresponding ip, F = (F\, ....,F n ). 

Corollary 5.1 Let u £ Y 1 be a solution of problem \4->ty such that the assumptions of Corollary 
\4-l\ are satisfied. Let tp(x, t) = ip(u(-),x, t) be such that p = Fq+p, where Fq G X® and p G X^ 1 , 
and let F{ G X° be the corresponding functions presented in \3. 1\) such that the limit conditions 
from A5.3\) are satisfied. Then 

m t ^ 0+ ^\\u(;t)f H0 < i( J P(-,0),6(- J 0)- 1 F(-,0))^o, (5.5) 

where F = (F 1 ,...,F n ). 

Note that Fq is not being presented in the last estimate. 



6 Applications: existence for non-linear and non-local equations 

The universal estimates from Theorem 13. II can be also applied to analysis of non- linear and non- 
local parabolic equations. These equations have many applications, and they were intensively 
studied (see. e.g., Ammann, (2005), Ladyzenskaya et al (1967), Zheng (2004), and references 
there). Theorem 13.11 gives a new way to establish conditions of solvability of these equations. 
This approach covers many cases when the solutions and the gradient are included into the 
non-local and non-linear term. 

Let B(u(-)) : X° — > X~ l be a mapping that describes non-linear and non-local term in the 
equation. 

Let us consider the following boundary value problem in Q: 

f t =Au + B{u) + p, t€(0,T), 

(6.1) 

u(x, 0) = 0, u(x, t)\ x€dD = 0. 
Here A is the linear operator defined above. For K > 0, introduce the mappings 

B K {u) = e- Kt B(u K ), where u K (x, t) = e Kt u(x, t). (6.2) 
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Theorem 6.1 Assume that B(u) maps X° into X . Moreover, assume that there exist con- 
stants K* > and C* > such that 

\\Bk(u\) - B K (u 2 )\\ x -^ < C*\\ui - u 2 \\xo Vni,u 2 G X°, K > K*. (6.3) 
Then there exists a unique solution u £ Y 1 of problem \6.1\) for any (p G X . 

Theorem 6.2 Assume that B(u) maps X 1 into X° and that there exist constants K* > and 
C* > such that 

\\B K (ux) - B K (u 2 )\\xo < C*\\ui - u 2 ||xi Viii,-u 2 € X 1 , K > K*. (6.4) 
T/ien there exists a unique solution u G I" 2 of problem $6.1\) for any ip E X°. 

Examples of admissible i? 

Some examples covered by Theorem 16.11 are listed below. 

Theorem 6.3 The assumptions of Theorem \6.1\ hold for the following mappings B(u): 

(i) A local non-linearity: 

B(u) = P(u(x,t),x,t), (6.5) 

where /? : R x Q — > R is o measurable function such that /3(0, •) £ L 2 (Q) and that there 
exists a constant Cl > such that 

\(3(zi,x,t) - P(z 2 ,x,t)\ < Cl\zi - z 2 \ Vzx,z 2 G R, x,t. (6.6) 

(ii) A distributional non-linearity: 

B(u) = V • /3(u(x,t),x,t), (6.7) 

where (3 : R x Q ~~ > R n *s a measurable function such that (3(0, ■) S L 2 (Q) and \6. 6\) holds. 

(Hi) A non-local non-linearity (integral nonlinearity): 

(B(u))(x,t) = / (3(u(y,t),x,t,y)dy, 
Jd 

where (3 : RxQxD^Hisa measurable function such that J D (3(0,x,t,y)dy £ L 2 (Q) 
as a function of (x,t), and there exists a constant Cl > such that 

\(3(zi,x,t,y) - (3(z 2 ,x,t,y)\ < C L \zi - z 2 \ Vzi, z 2 G R, x, t, y. (6.8) 

We assume here that D is a bounded domain. 
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(iv) A non-local in space distributional non-linearity: 

(B(u))(x, t) = V ■ [ p(u(y, t),x, t, y)dy, 



id 

where j3 : R x Q x D — > R n is a measurable function such that f D j3(0, -,y)dy G L 2 {Q) as 
a function of (x,t), and \6. 8\) holds. We assume here that D is a bounded domain. 

(v) A non-local in time and space non-linearity: 

(B(u))(x,t) = ds (3{u(y,s),x,t,y,s)dy, 
Jo J D 

where (3 : Rx Q 2 — > R is a measurable function such that Jjj ds J D /?(0, x, t, y, s)dy G L2(Q) 
as a function of (x,t), and there exists a constant Cl > such that 

\P(zi,x,t,y,s)— /3(z2,x,t,y,s)\ <C L \zi- z 2 \ Vzi, z 2 G R, x, t, y, s. (6.9) 
We assume here that D is a bounded domain. 

(vi) A non-local in time and space distributional non-linearity: 

(B(u))(x,t) =V •/ ds 0(u(y,s),x,t,y,s)dy, 
Jo Jd 

where (3 : R x Q 2 —* R n is a measurable function such that J" * ds J D /?(0, - ,y, s)dy G L 2 (Q) 
as a function of (x,t), and \6.9\) holds. We assume here that D is a bounded domain. 

(vii) Nonlinear delay parabolic equations: 

(B(u))(x, t) = V • (3(u(x, T(t)),x, r(t)) + 0(u(x, r(t)), x, r(t)). (6.10) 

Here r(-) : [0, T] — > R is a given measurable function such that r(t) G [0, i], and i/iaf 
£dere exists 9 G [0, T) sued idai r(i) = for t < 9, the function r(-) : [0, T] —* R is non- 
decreasing and absolutely continuous, and ess sup 46 rg r i |^(0| 1 < +oo. Tde functions 
j3 : R X R n x [0, T] — ► R n and /3 : R x R n x [0, T] — > R are bounded and measurable. 
In addition, we assume that the derivative ^(x,t) is bounded, /?(0, •) G L 2 (Q), /3(0, •) G 
L 2 (Q), and there exists a constant Cl > sited i/iaf 

|/3(zi,x,t) - P(z 2 ,x,t)\ + |/3(zi,x,t) - 0(z 2 ,x,t)\ < C L \zi - z 2 \ ^z x ,z 2 G R, x,t. (6.11) 

(viii) Non-local term for the backward Kolmogorov equations for a jump diffusion process: 
(Bu)(x,t) = / l{ x+c (x, y ,t)eD}(u(x + c(x,y,t),t) - u(x,t) - c(x,y,t) T Vu(x,t))p(y,t)dy. 



Here p(y,t) : R n x [0,T] R is a function such that p(-) G L oo ([0,T],£ 1 ,B 1 ,L 1 (R n )). 
The function c(x, y,t) : D x R™ x [0, T] — > R ra is measurable, bounded, and such that the 
derivative ^(x,y,t) is bounded, the derivative §^(x,y,t) exists almost everywhere, and 
there exists a uniquely defined function if) : D x R n x [0, T] — ► R n such that z = x + c(x, y, t) 
for y = ip(x, z,t). In addition, we assume that esssup tg [ ,r] IdxD \r(x,z,t)\ 2 dxdz < +00, 
where r(x, z, t) = p(ip(x, z, t),t)j^(x, z, t). 

Clearly, linear combinations of the non-linear and non-local terms listed above are also 
covered, as well as terms formed as compound mappings. 



7 On the sharpness of the estimates 

Theorem 7.1 There exists a set of parameters (n, D, &(•),/(•), A(-)) such that, for any T > 0, 
M > 0, 



mi Q C(K,M,V{p)) = \. (7.1) 



forp = (T,n,D, &(•),/(•)> *('))■ 



Theorem 7.2 There exists a set of parameters (n, D, ?>(•), /(•), A(-)) smc/j that 

, - %S^'W,0),6(-.0)- 1 F(,0)) i ,.=2' < 7 ' 2 > 

where u is the solution of problem 112.1)) for the corresponding if G X^ 1 , and where F = 
(F\, F n ) with Fi G X° being the corresponding functions presented in ( f5. 3\) . 



8 Proofs 

Lemma 8.1 For any admissible p and any e > 0, M > 0, there exists K = K{e,M 1 V{p)) > 
such that 

\\u{;t)f H0 + M [ \\u(-,s)\\ 2 HO ds 
Jo 

< (l + £ ) I ((n,s),b(;s)- 1 F(;s)) H ods + e 1^ \\F s) \\ 2 H0 ds (8.1) 

for all K > K(e,M,V), t G (0,T], /or a// y> G X" 1 represented as (COP with F { G X°. Fere 
u G l" 1 is i/ie solution of the boundary value problem 

%f = Au-Ku + ip, i€(0,T), 

9 * (8.2) 
u(x, 0) = 0, u(x, i^eao = 0. 
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Uniqueness and existence of solution u £ Y 1 of problem (|8.2p follows from the classical 
results (see, e.g., Ladyzhenskaia (1985), Chapter III). 
Proof of Lemma \8.1[ Clearly, Au = A s u + A r u, where 



71 c\ 71 r\ Tl r\ 

O /, OU \ , v „ OU 



A s u = V- (bVu) = E^"E V^-fa) ' -A r u = J2 /i^: + An. 

i=l j = l i=l 

Assume that <p(-,t) is differentiable and has a compact support inside D for all t. We have that 

H;t)f H o ~ \\<M\h° = (u(;t),u(-,t)) H0 - (u(-,0),u(-,0)) H o 

= 2 / I u, — I ds = 2 (u, Au — Ku + <f) H o ds 
Jo \ ^/flO Jo 

= 2 / (u, V • (bVu)) H o ds + 2 / (u,A r u) H o ds — 2K / (u,u) HO ds 
Jo Jo Jo 

+2 / (u,<p) HO ds. (8.3) 
Jo 

Let arbitrary eq > and £o > be given. Let v = \/&, i.e., b = v 2 , v = v T . We have that 
2(u, l p) H0 =2{u,V ■F) H o+2{u,F ) HO = -2 (vVu, v^F))^ + 2 (u, F ))^ 

2 2 /l \ 1 1 1 1 1 2 1 2 2 

< -i , n (vVu,vVu) H o + - + e p F wo + — IMI^o +£q H-Foll^o 
1 + teo \ 2 J Eq 

= T ^(VMV* )+ Q+,o) (^^ li? )//o + i|K||^o +£0 11^011^0, (8-4) 

and 

2 (u, V • (&Vit))#o = -2 (Vu, 6Vu) H o . (8.5) 

In addition, we have that in under the integrals in (|8.3p . 

2 (u, ^.n)^ < £\ l IM|^ + £i 11-4^11^-0 Vei > 0. 

By the first energy inequality, there exist constants = c'^(V) > and c* = c*(V) > such 
that 

/•t n ft ft 

/ \H;8)\\ 2 H ids<d.J2 \\ F k(;s)\\ 2 H0 ds<cJ (F,b- 1 F) HO ds. (8.6) 
Jo k=0 

(See, e.g. inequality (3.14) from Ladyzhenskaia (1985), Chapter III). Moreover, this constant 
c* can be taken the same for all t G [0, T] and all K > 0. Further, there exists a constant 
ci = ci (T 7 ) > such that 

2 (u,^4 r n) H o < Ei 1 \\u\\ho + c\E\ \u\ H \ . 
11 



It follows that 



2 I {u,A r u) HO ds < e-l 1 f \\u\\ 2 HO ds + e f (F,b 1 F) HQ ds, (8.7) 
Jo Jo Jo 



if £1 > is taken such that cic*£i = Eq. 
By ((8l3])-((8l7]), it follows that 

r-t 



Jo 

— - 2] I (Vu,bVu) HO ds + [e^ 1 + e^ 1 +M-2K] [ \\u\\ 2 H o ds 

- 1 + 2e -I J Jo 

i + 2e )^ (F,b- 1 F) HO ds + (e + e ) J ||F ( V 
i + 2e )^ {F,b- 1 F) HO ds + (e +e ) \\F (-,s) 



,s)\\ 2 „o ds 



<l- + 2: i} )l (F.lr'F )„„r/.s + (,- n + fn) / II /'oMH^o ds, (8.8) 

if 2K > e^ 1 + 4 + M. Then the proof of Lemma O follows. □ 

Proof of Theorem \3.1\ Clearly, u(x, t) = e Kt ui<c(x, t), where u is the solution of problem (|2,ip 
and uk is the solution of (18. 2\i for the nonhomogeneous term e~ Kt ip(x,t). Therefore, Theorem 
13.11 follows immediately from Lemma 18.11 □ 

Corollary 13.11 follows immediately from Theorem 13. 11 

Corollary 14.11 follows immediately from Corollary 13.11 

Proof of Theorem \5.1\ Let e > be given. By Corollary 13.11 there exists K{e) = K(e,V~(fJ,)) 
such that 

e- 2 ^||n(-,t)||^o <e f e- 2K ^ s \\<p{;s)\\ 2 H0 ds Vi€(0,T). (8.9) 







\H° — c I c WVi s )\\H° 

Let ip £ X- 1 . Set 



1 /"* A 

Po(<P,t) = jl \\ip(-,s)\\ 2 H ods, q(u,t) = \\u(;t)\\ H o. 







It follows that 



sup 



Hence 



By (E 



h \tpo(<p,t) tp (<p,t) 



1 1 _ e ~2K(e)t 

SU P^— 7 — 7T<?(M)< £ + sup — — — —q(u,t). Vie(0,T). 
ft tpo{<p,t) h( z X ° tpo{f,t) 



q(u, t) < ee 2K{£)t tp {^, t) Vt G (0, T). 
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Hence 

1 _ e -MC(e)t 

sup r — q(u, t) —>■ as i^0 + Ve > 0. 

h tpo{ip,t) 

If> G X°, then p (<P,*) ||<p(-, 0)||^- as i -> 0+. It follows that 

hm t ^o+ sup — < e 

vex? *||<p(-,0)|| H o 

for any e > 0. Then (|5.2|) follows. This completes the proof of Theorem 15.11 □ 

Proof of Theorem \5.2l Let e > be given. By Corollary 13.11 again, there exists K[e) = 
K(s,V(/j,)) such that 

e-^IM, t)f H0 < Q + e) ^ e- 2 ^(F(-, S ), a) W* Vt G (0, T), (8.10) 

where F = [F\, ...,F n ), and where F, L G X° are such that (J33D holds. Let ip G X" 1 . Set 



iXF.Qtj I lF(:*).lA:«)- l Fl:«)) lr ds. <,(„.!) ~ ||„(../)|| 



It follows that 



sup 

h 



( q(u,t) 1-e" 2 ^)* , \ (I \ m\ 



Hence 



1 (\ \ 1 _ e -2K(e)t 

F: vex' 1 tP\F) V 2 / ftexo tpC^.*) 
By jS3DP, 

g(«, i) < e 2 ^' Q + fp(F, t) Vi G (0, T). 

Hence 

1 _ e -2K(e)t 

sup — q(u, t) — > as t — » + Ve > 0. 

If <p€ X- 1 , then p(F,t) -► 0), &(■, 0)~ 1 F(-, 0)) H o as t -» 0+. It follows that 

t~- q{u,t) ^ A, 

lim — F; ^ t(F(,0) > 6(,0)-iF(,0)) fl o H2 + ^ 

for any e > 0. Then (|5.4p follows. This completes the proof of Theorem 15.21 
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Proof of Theorem 1 6. 1[ Note that u G Y 1 is the solution of the problem (|6.1|) if and only if 
uic(z,t) = e~ Kt u(x,t) is the solution of the problem 

= Au K - Ku K + B K {u K ) + Vk, t€ (0, T), 
dt (8.11) 

Kif(i, 0) = 0, u K (x, t)\ x€d D = 0, 
where ipx{x,t) = e~ Kt tp(x,t). In addition, 

ii ii KT ii ii ii ii 1 1 1 1 

\\u\\ Y i < e 11^11^, \wkWx- 1 < \m\x- 1 - 

Therefore, the solvability and uniqueness in Y 1 of problem (|6.ip follows from existence of K > 
such that problem (|8.1ip has an unique solution in Y . Let us show that this K can be found. 

We introduce operators Fk '■ X~ l — ► Y 1 such that u = Fk^P is the solution of problem (|8.2p . 

Let g G X^ 1 be such that 

5 = ip + Bjc(w), where w = Fxg- (8-12) 

In that case, uk = F^g G Y 1 is the solution of (18. lip . 
Equation ()8.12p can be rewritten as g = (p + Rxig), or 

g-R K (g) = Lp, (8.13) 

where the mapping ii^ : X~ l — > X" 1 is defined as 

fljf (ff) = B K (F K g). 

Let u; = i 7 /^, where /i G X -1 . By Theorem 13.11 reformulated as Lemma l8.1( for any e > 0, 
M > 0, there exists K(e, M,V(/j,)) > and a constant Co = Cq(V{^)) such that 



te[o,T] 

Hence 



sup |K-,i)||!o +M / ||u;(-,s)|||ods<Co||/t|| x -i V/i 

= [0,T1 J 



G X -1 . (8.14) 



ll^llxo ^M-^oll/ilU-i. 
Take M and K such that 5* = C^M^Cq < 1. By (|Op . it follows that 

" Rk(&i)\\x-i < C \\F Kgi - F K g 2 \\ x o < 5*\\ gi - g 2 \\ x -i. (8.15) 
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By The Contraction Mapping Theorem, it follows that the equation (|8.13p has an unique solution 
g £ X~ l . Hence problem (|8.1ip has an unique solution ur = FkQ £ Y . This completes the 
proof of Theorem 16.11 □ 

Proof of Theorem 1 6. £[ Let w = Fj^h, where h £ X°, and where is the operator defined in 
the proof of Theorem 16. 1[ By Lemma 7.1 from Dokuchaev (2008), for any e > 0, M > 0, there 
exists K(e,M,V(fJ,)) > and a constant Co = Co("P(/i)) such that 

sup \\w(-,t)\\ 2 H1 +M I' \\w{;s)\\ 2 H1 ds < C \\h\\ X o Vh G X° . (8.16) 

t€[0,T] JO 

The rest of the proof of Theorem 16.21 repeats the proof of Theorem 16. II with the replacement of 
Y 1 for Y 2 , and X^ 1 for X°, and with Rk being a mapping ■ X° — > X°. □ 

Proof of Theorem \6.3[ The proof for (i)-(iv) represents simplified versions of the proof for 
(v)-(vi) given below and will be omitted. 

Let Qt = {(y, s) G Q : s < t}. Let us prove (v). We have that 

\B K ( Ul )(x,t) - B K (u 2 )(x,t)\ 

< e~ Kt / \(3(e Ks Ul (y, s),x, t, y, s) - P(e Ks u 2 (y, a), x, t, y, s)\dyds 
JQt 

<C L [ \u 1 (y,s)-u 2 (y,s)\dyds<C L £ n+1 (Q) 1 / 2 \\u 1 (-)-u 2 (-)\\ x o 
JQ 

for all ui(-),u 2 (-) G X°. Since the domain Q is bounded, we have that 

\\B( Ul ) - < \\B( Ul ) - B(u 2 )\\ x o < 4+i(Q) 1/2 ||i?(«i) - B(u 2 )\\ Loo{Q) . 

Hence (|6.3p holds. 

Further, it follows from the assumptions that B(0) G X°. Hence B(u) G X° for all u G X°. 
This completes the proof of statement (v). 

Let us prove (vi). By the definition, B(u) = V • B(u), where B : X° — > X° is a mapping 
similar to the one from statement (v) . Then the proof is similar to the proof of statement (v) . 

Let us prove statement (vii). Let us assume that (3 = 0. We have that 

\\B K ( Ul ) - B K (u 2 )\\ 2 x ^ 

< /V 2 **||/?(e^V(-,T(i)),-,T^^ 

J 

+ [ T e - 2Kt \\d(e K ^ Ul (.,T(t)) r ,T(t)) -Me KT{t) u^ 
Jo 

<2C 2 [ \\ Ul (.,T(t)))-u 2 (.,r(t))\\ 2 H odt 
Jo 
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2C 2 L £\\u 1 (;T(t))-U 2 (;T(t))\\j l0 dr(t) 



rr(T) 

<b*2C\ I \\ui(-,s) - v,2(-,s)\\ 2 H ods < 5*2Cl\\ui - u 2 \\xo- 
Jt(9) 



r r(T) 

r(0) 

By the assumptions, it follows that -B(O) G X . Hence B(u) £ X^ 1 for all u £ X°. 

Let us prove statement (viii). We have that Bk(u) = B(u), i.e., it is independent from K. 
Further, 

B{u) = B(u)+B(u), 

(B(u))(x,t) = / I{ x+c (x,y,t)eD}u(x + c(x,y,t),t)p(y,t)dy, 

(B{u))(x,t) = -u(x,t) / h x+c ( XjVit )ED}P(y, t)dy 

- (J^ \x+c(x,y,t)eD}c(x,y,t)p(y,t)dy\ Vu{x,t). 

It follows from the assumptions that B : X° — > X" 1 is a linear and continuous operator. Hence 
it suffices to prove that (|6.3p holds for the operator B. We have that 



(B(u))(x, t) = / u(z,t)r(x, z,t)dz. 
Jd 

Clearly, B(0) = 0. Further, we have that 

\\B(u 1 )-B(u 2 )\\\-i<\\B(u 1 )-B(u 2 )f x0 = J (^J ( Ul (z,t) -u 2 {z,t))r(x,z,t)dz^J dxdt 

< J \u\(z, t) — u 2 (z, t)\ 2 dz^j \r(x, z, t)\ 2 dz^j dxdt 

< dt [ / i) — u 2 (z, t)\ 2 dz I dx \r(x, z,t)\ 2 dz 

Jo \Jd J Jd Jd 



< esssup / \r(x, z,t)\ 2 dxdz \ \\ui — u^^o . 
\ tefo.Tl JdxD ) 



te[o,T] JdxD 

This completes the proof of statement (viii) and the proof of Theorem 16.31 □ 

Proof of Theorem \7.1\ Repeat that u(x, t) = e Kt uj<c(x, t), where u is the solution of problem 
(|2.ip and uk is the solution of (|8.2p for hx(x,t) = e~ Kt h(x,t). Therefore, it suffices to find n, 
D, b, /, A, such that 

VT>0,c>0,K>0 3ip er 1 : 

||«(-,r)|||o > Q- c )/ (F^VX-^Fi-^Hodt, (8.17) 
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where u is the solution of problem (|8.2|) and Fj G -X" are such as presented in (|3.ip . F = 
(Fi,...,F n ). 

Let us show that (|8. lTj) holds for 

n = l, D = (-tt,it), b(x,t) = l, f(x,t) = 0, X(x,t) = 0. (8.18) 

In this case, (|8.2p has the form 

u' t = u" x - Ku + h, u(x,0)=0, u(x,t)\ xeaD = 0, (8.19) 

Let 

7 = m 2 + if, ip m (x,t) = msin(mx)e 7t , F m (x,t) = — cos(mx)e yt , (8.20) 

where m = 1,2,3, . . .. It can be verified immediately that the solution of the boundary value 
problem is 

u(x, t) = m sin(mx) / e~^ t ~ s ''^ /a ds = m sin(mx)e~ 7 * / e 2 ~ /s ds = msm(mx)e~" ,t - 
Jo Jo 



2 7 



Hence 
and 



\u(-,T)\\ 2 H o = m 2 \\s'm(mx)\\ 2 H oe 2tT ( = m 2 ire~ 



T e 2 7 T _ 1 



[ \\F m (-,t)\\ 2 H0 dt=\\cos{mx)\\ 2 H0 f e 2 ^dt = n 
Jo Jo 



2i 



It follows that 



\H;T)f H0 (jf \\F m (.,t)\\ 2 H0 dt") = |V 2 ^(e 2 ^ - 1) = ^(1 - e" 2 ^) - 1 (8.21) 

as 7 — > +oo. In particular, it holds if K is fixed and m — ► +oo. It follows that (|7.ip holds. This 
completes the proof of Theorem 17.11 □ 

Proof of Theorem \ 7. 2\ Let the parameters be defined by (|8.18|) . Consider a sequence {Tj} 
such that Tj — > 0+ as i — > +oo. Let <p = cp m be defined by (|8.20p for an increasing sequence of 
integers m = mi such that mi > . In that case, 7T — > +00. Hence (|8.2ip holds and (|7.2p 
holds. □ 
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